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^ ■ Abstract 

A standard model is formulated in a Weyl space, W^, yielding 
a Weyl covariant dynamics of massless chiral Dirac fermion fields 
for leptons and quarks as well as the gauge fields involved for the 
groups D{1) (Weyl), U{1)yxSU{2)w (electroweak), SU (3) c (colour), 
Q^' SO{3, 1) (gravity) and 50(4, 1) (strong interaction, symmetry break- 

ing). The dynamics is based on a gauge and Weyl invariant La- 
grangean density C. Gravitation is included from the beginning as 
the gauge aspect of the Lorentz group which is here extended in the 
^ ■ hadronic sector of the model to the ten parameter 50(4, 1) de Sitter 

CN , group. A part of the dynamics is, as usual, a scalar isospinor field (p 

being a section on a bundle related to the electroweak gauge group and 
to symmetry breaking. In parallel to (j) on the leptonic side a section ^" 

[^ , on the hadronic side is considered as part of the dynamics, governing 

^D \ the symmetry breaking 30(4, 1) — > S0{3, 1) and recovering gravita- 

tion in the symmetry breaking limit outside the regions in space-time 
where strong interactions persist. Besides spin, isospin and helicity 
the Weyl weights determine the form of the contributions of fields in 

/\ ' C Of particular interest is the appearance of a current-current self- 

j^ ■ interaction of quark fields allowed by the Weyl weight changing the 

debate about quark masses. In a second step the D{l)-Weyl sym- 
metry is explicitly broken and a universal mass scale is established 
through the mass of the (j)-held appearing in the symmetry breaking 
Lagrangean Cb- The Weyl symmetry breaking is governed by the 
relation Z?^$^=0, where $ is the norm of (j). After D{1) symmetry 
breaking the masses of the weak bosons and of the electron appear on 
the scene through the energy-momentum tensor of the (p-field. 
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1 Introduction 

This paper is concerned with the merging of two hnes of reasoning: On 
the one side, a standard model theory for leptons including gravitation and 
formulated in a Weyl space, W^, is considered together with the subsequent 
breaking of the dilatation degree of freedom pQ [2], and, on the other side, 
the endeavour to understand various aspects of strong interactions in analogy 
to gravitation, i.e. in a geometric manner by extending the Lorentz group 
as gauge group of gravity to the de Sitter group, and consider for hadrons 
as described in the standard model also the possibility of the presence of a 
dilatation degree of freedom associated with the local de Sitter group [3|1|. 
Both approaches taken together lead to a Weyl invariant formulation of the 
standard model without introducing masses at the starting point, and with 
a subsequent explicit Weyl symmetry breaking yielding nonzero masses for 
several fields involved together with the form of gravitation in terms of a 
Riemannian metric as we know it from Einstein's theory. 

In I only one lepton generation was considered, and it was shown that the 
dilatation symmetry or Weyl symmetry breaking of this electroweak theory 
for leptons reproduced the mass-giving mechanism in a similar manner as in 
the standard model, and without invoking a " Higgs-phenomenon" , yielding 
the masses of the weak gauge bosons as well as the electron mass, and, 
furthermore, influenced the gravitational coupling constant in a Brans-Dicke- 
like manner. 

In II a de Sitter space with variable curvature radius R{x) was consid- 
ered as fiber of an associated bundle E over a Riemann-Cartan space-time 
base, and a section on this soldered bundle E (see Sect. 3 below) was in- 
troduced as a vehicle for symmetry breaking mediating between domains in 
space-time - characterized in size by a length related to R{x) - possessing 
the full SO {4, 1) de Sitter gauge symmetry, and the outside of these domains, 
which are characterized by the reduced subgroup symmetry, 50(3, 1), yield- 
ing a gauge description of gravitation in the usual way in terms of Cartan's 
moving orthonormal frames determining, so to speak, the geometry asymp- 
totically i.e. far away from the sources of strong interactions. The variable 
curvature radius of the curled up 4-dimensional local de Sitter fibers, Vl{x), 
oi E - representing an "internal" space-time of constant curvature - was 
considered in II as a "modified Weyl" gauge degree of freedom in the bundle 
geometry which, in the end and after breaking this dilatation-type degree of 
freedom and fixing the length R{x) to a constant Rq characterizing strong 
interactions, would raise the hope to see a trace of what is conventionally 



^Refs. [I] and [3] will be referred to as I and II , respectively, in the sequel. 



called confinement. 

In the present paper we combine these two approaches and formulate a 
standard model in a Weyl space, VF4, having a hadronic sector with one gen- 
eration □ of Dirac-de Sitter left- and right-handed massless quark fields. Ua 
torsion - as a large scale phenomenon, which was discussed in II - is not 
considered in this context^. Frequent use is made of a coset space repre- 
sentation of the de Sitter group representing the de Sitter fields as objects 
transforming nonlinearly under 5*0(4, 1) in a realization on the isotropy sub- 
group 50(3, 1) of the de Sitter group - related to the point of contact of fiber 
and base in the soldered bundle E - with the local de Sitter spaces Vl{x) 
(i.e. the fibers in E) being isomorphic to the coset space 50(4, l)/5'0(3, 1). 
For spinor matter fields the corresponding covering groups Spin{4, 1) and 
Spin{3, 1) are involved. 

Essentially the same situation, mathematically, arises in the leptonic sec- 
tor where the electroweak gauge group (see Eq.(l.l) below) is realized nonlin- 
early on the electromagnetic isotropy subgroup ?7(l)e.m. of U{1)y x SU{2)w 
— a phenomenon which is conventionally called 'spontaneous symmetry 
breaking' and motivated field theoretically. (Compare in this context the 
discussion in App. A and B of I .) 

It is interesting to remark that the isotropy or fixed point subgroup 
f^(l)e.m. of the electroweak gauge group characterizes the asymptotically ap- 
pearing fields, in this case the electromagnetic fields, i.e. light, photons. 
Analogously in the hadronic sector, with 50(4, 1) gauge symmetry besides 
SU{3) colour (see Eq.(1.2) below), it is the isotropy or fixed point subgroup 
5'0(3, 1) characterizing the asymptotic fields i.e. gravitation. 

The attractive feature of the here proposed combined procedure for the 
leptonic (/) and hadronic (h) sectors is the following: The standard model 
Lagrangean C = Ci + Ch defined over a Weyl space-time base, B=W4, involv- 
ing fields given as sections of various associated and spinor bundles related to 
the frame bundles (or principal bundles) Pi{B=W4,Gi) and Ph{B=W4,Gh) 
with the respective gauge groups 

Gi = 50(3,l)®D(l)®f/(l)y x5f/(2)H/ (1.1) 

Gh = 50(4, 1) ® Z}(1) ® t/(l)y X 5f/(2)vK X 5f/(3)c; (1.2) 

can contain only field combinations allowed by the Weyl weights of the fields 
considered. U{1)y x SU{2)w in (1.1) is the electroweak gauge group enlarged 



^To compare with previous results obtained for the lepton sector in I and to make 
the theory in a first endeavour not too comphcated, we treat here only one generation of 
leptons as well as quarks. 

■^We shall, however, find that de Sitter induced torsion does occur locally in isolated 
space-time domains as pointed out at the end of this introduction. 



in (1.2) by SU{3)c with c for colour for hadrons. Moreover, in the hadronic 
sector the gauge group 5*0(3, 1) of gravitation has in this W4-formulation 
been extended to the ten parameter de Sitter group following a proposal 
expressed in II to build a bridge between strong interactions and gravitation. 
In Eqs.(l.l) and (1.2) -D(l) ~ i?"*" is the dilatation or Weyl gauge group 
isomorphic to the positive real line. 

The Weyl weights, indeed, limit the possible field couplings considerably. 
The total Lagrangean density C as well as its parts have Weyl weight zero, 
i.e. are Weyl or scale invariant. The consequence of this is that all fields 
entering this Weyl invariant Lagrangean have to be massless fields. In a 
second step the common -D(l) symmetry group appearing in both the gauge 
groups Gi and Gh as a factor, has to be explicitly broken to allow for the 
appearance of a universal length or mass scale in the theory. It was shown in 
I that in such an explicit breaking of the -D(l) gauge symmetry there appear 
in the electroweak sector through the energy-momentum tensor, @lw ^ of the 
scalar isospinor field (playing the role of the Higgs field) the mass terms 
for the weak boson fields W^ and Z*^, and the Yukawa coupling determines 
the mass of the electron as usual. Since the broken Weyl theory contains 
Einstein's equations of general relativity as the result of varying the metric 
in the Lagrangean formulation, it is apparent that these mass terms generated 
in the leptonic sector through the -D(l) symmetry breaking appear on the 
right-hand side of the gravitational field equations and thus act as sources for 
gravitational fields. We consider this result as a very physical property of the 
symmetry breaking mechanism proposed in this formulation of the standard 
model starting from a Weyl invariant massless scenario. 

In the older literature on Weyl spaces and conformal invariance in physics 
and classical field theory (see, for example, Ref. |1]) it was proposed to at- 
tribute a Weyl weight — | to mass and allow the presence of mass terms in 
a Weyl geometric formulation of the interaction of fields. It was shown by 
H. Tann in his dissertation |S] that in the presence of quantum mechanics 
such a treatment of mass terms leads to contradictions and should not be 
considered. Only massless fields are allowed in formulating the interaction 
of quantum fields in a Weyl geometric setting. Since masses do appear in 
nature in abundance for the fundamental fields and particles the breaking of 
the Weyl symmetry is an essential part of the problem of establishing a re- 
alistic theoretical framework in physics when starting from a Weyl invariant 
theory. 

An interesting question in the present context now is, whether and how 
mass terms - i.e. quark masses - would appear in the hadronic sector of the 
theory and how the variable internal curvature radius characterizing the local 



de Sitter fibers, isomorphic to 5*0(4, 1)/S0{3, 1), of tlie mentioned bundle E 
is fixed and frozen by tlie subsequent -D(l) symmetry breaking in a unified 
standard model of lepton and quarks including gravitation. 

In Sect. 2 we introduce our notation and treat the leptonic sector of the 
standard model formulated in a W4, reviewing the results obtained in I with 
particular focus of the role played by the scalar field 0. In Sect. 3 we discuss 
the hadronic sector of the standard model formulated in a W4, introduce 
the de Sitter bundle formalism and focus on the embedding 5*0(4, 1) gauge 
symmetry. We investigate the role played by the fields ^"(x) in the theory, 
determine their Weyl weight and the way this section of E enters the hadronic 
Lagrangean. Particular use is made of the nonlinear realization [abbriviated 
by NL] of the 5*0(4, 1) gauge symmetry in using the section ^°'{x). In Sect. 4 
we derive the field equations following from the hadronic Lagrangean and 
discuss the Weyl symmetry breaking. In this section the main results are 
presented. Finally, Sect. 5 is devoted to some concluding remarks. 

To characterize the results obtained we like to mention: Related to the 
property of the fields ^"(x) as symmetry reducing fields mediating, as men- 
tioned above, between regions of space-time where the full 5*0(4, 1) gauge 
symmetry pertains (strong interaction domains) and the outside of these 
domains where only the 5*0(3, 1) gauged subsymmetry survives (pure grav- 
itation), we find confinement of quarks and of quark currents to isolated 
regions of space-time which are characterized geometrically by the presence 
of confined torsion, i.e. de Sitter induced torsion. This follows from the form 
of the Cartan connection defined on the principal 5*0(4, l)-bundle. Secondly, 
the 75-structure of the quark dynamics as obtained in Sect. 4, derived from 
the de Sitter gauge aspect, is very peculiar and has unexpected properties. 
And, thirdly, "effective" mass-like terms do appear automatically in the de 
Sitter-Dirac equations for the left- and right-handed quark fields, with these 
terms being determined in size - after -D(l) symmetry breaking - by the 
constant, x-independent, curvature radius, R{x) = Rq, of the de Sitter fibers 
of the bundle E being a bundle reduced in the symmetry breaking, finally, 
to the bundle E with fixed curvature radius Rq raised over a Riemannian 
space-time base V4 as defined in Sect. 3. However, at the same time a cubic 
term appears in the equations for the spinor quark fields following from a 
current-current self-interaction of the quark fields obtained in the hadronic 
Lagrangean of Sect. 3. This nonlinear self-interaction changes the discussion 
about quark masses in a fundamental way. 



2 The Leptonic Sector 

of a Weyl Invariant Standard Model 

In this section we briefly review the formulation of an electroweak theory 
for leptons embedded in a Weyl space or Weyl geometry q The notation is 
the same as in Refs. [T] and [2] except for a minor point regarding the matrix 
7^ as explained below. 

A Weyl space W4 is characterized by two differential forms; a quadratic 
differential form, ds'^, as in Riemannian geometry and a linear differential 
form, K : 

ds'^ = g^^{x)dx'^ ^dx"; k = k^{x) dx'^ . (2.1) 

A W4 is equivalent to a family of Riemannian spaces gfj_^{x), g'^^{x) . . . and 
corresponding Weyl vector fields Kp(a;), k' (x) . . . related by the transforma- 
tions: 

V(^) = (^{x)9t.v{x) (2.2) 

K'piyx) = K^{x) + dp\oga{x), (2.3) 

where cr{x) G -D(l), with D{1) ~ W~ denoting the dilatation group. The trans- 
formations (2.2) and (12. 3p are called Weyl transformations. Eq. (l2.3p repre- 
sents a conformal transformation or rescaling of the metric related to the 
transformation (12. 3 p of the Weyl vector field Hp ; p=0, 1, 2, 3. Here we con- 
sider a Weyl space, or Weyl space-time, of dimension 4 possessing Lorentzian 
signature (-I-, — , — , — ) of its metric. (For the earlier history of Weyl spaces 
and Weyl geometry we refer to the references quoted in p].) 

A Weyl space W4 reduces to a Riemann space V4 for o-{x)=const, leading 
to Kp=const and ultimately to fi;p=0; a Weyl space is equivalent to a Riemann 
space V4 if the length transfer is integrable, i.e. if the "length curvature", 
fp_u, vanishes, i.e. 

ffjiv = dpKu - duK^ = 0. (2.4) 

A generally covariant and Weyl covariant derivative will be denoted by 
the symbol D=dx^Dp^. We shall not discriminate in the notation (as we 
did in I ) the particular type of covariant derivative when the operator D 
is applied to objects of different representation character related to various 
different combinations of subgroups of the total gauge group Gi of Eq.(l.l)0. 
For example, a field quantity which is unrelated to weak isospin and hyper- 
charge, 0^"'™^(a;), being covariant of degree n and contravariant of degree 



^As mentioned in the introduction, we consider for simplicity only one generation. 
^In I this was done in using one or several tildes on D. 



m, possessing the charge q and the Weyl weight w(0^'^'''")), i.e. transforming 
under Weyl transformations (2.2) and (2.3) as 

0("'-)'(a;) = [(T(a;)]"'('^*"''"') 0("'"^)(x) , (2.5) 

has the covariant derivative 

with K = K^{x)dx'^, A = Af^{x)dx'^ and V = dx'^'V^, where V^ denotes the 
covariant derivative with respect to the Weyl connection with connection 
coefficients (having Weyl weight zero): 

r^/ = f ^/ + W,/ = ^9'\d,g,x + d^g^x - dxg,.) - ^{k^S^, + kJ^^ - n^g^,). 

(2.7) 
Here T^^f = { ^ } are the Christoffel symbols of the Riemannian metric 
g^i, and W^^^ denotes the Weyl addition. The connection coefficients r^j,^ 
referring to a greek indexed natural base (see Eq. fl2.ip ) are symmetric in /x, u 
and are scale or Weyl invariant, i.e. F^^'' = T^u^. 

A local Lorentz basis with frame and coframe vectors Cj and 6'^; i = 
0, 1, 2, 3, respectively, may be introduced by 

e, = Af(x)9^ ; e;{x)dx^ (2.8) 

with the vierbein fields A* (x) of Weyl weight w(A* )=| and their inverse Af (x) 
of Weyl weight w{X^)= — | as seen from the relation 

g^^{x) = X'^{x)X';{x)riik ; r]ik = diag{l, -1, -1, -1) (2.9) 

with g^i, having w{g^i,)=l (see Eq.(2.2)) and for the corresponding expression 
for the inverse metric g^'^ having Weyl weight w{g^'^)= — 1. 

In a Cartan moving frame basis and with the connection on the Lorentz- 
Weyl frame bundle 

Pw = Pw{Wi,SO{?>,l)®D{l)) (2.10) 

denoted by the one-forms 

(^ik = 0Jik- ^{i^idk- K^kOi) (2.11) 

with uJik= — oJki and fi;j=Af (x) fi:^(x) and the metric part, cuj^, yielding the 
Ricci rotation coefficients Vji^ by Uik = 0^ Tjik, the geometry in a W4, is 
determined by Cartan's structural equations U 



^Compare also App. A of Ref. [2] for the conclusions following from Eqs.(2.12)-(2.14). 



DO^ = de^ - w/' A ^^' - ^K A ^'^ = (2.12) 

duik + ojij A Uk^ = Qik (2.13) 

dK = f (2.14) 

Here A denotes exterior multiplication of forms. Eq. (l2.12p is Weyl and local 
Lorentz covariant (Weyl weight |, vector valued) expressing the fact that 
the PV4 has vanishing torsion. Eq. 02.13P is Weyl invariant and Lorentz tensor 
valued with the curvature two-form, fij^, being antisymmetric in i, k. Fi- 
nally, Eq. fl27[4|l yields the /-curvature with / = i/i^ ^' A ^*^ = i//,^ dx^" A dx" 
(compare (12.41) ). 

The Weyl covariant derivative of a Dirac spinor field, V^(x), of Weyl weight 
wi^ip) = ~4 (compare [2] in this context) is given by: 

DtPix) = rfx^{(9^ + tT^{x))ij{x) + ^n^-l H^)] , (2.15) 

where dx^T^{x) is the spin connection one-form (see Eq. (l2.17p below), being 
- apart from the -D(l) factor - the connection on the Weyl frame bundle Pw 
possessing as structural group the covering group S0{3, 1) = Spin{3, 1) of 
the Lorentz group in Pw of Eq. (l2.10p . A Dirac spinor field, i^{x), on a W4 is 
defined as a section on the spinor bundle 

S = S {W^, F=<C4 X R+ , Sptn{3,l) (^ D{1)) (2.16) 

which is a bundle associated to Pw, possessing as fiber, F, a product space 
(D4 X i?"*" with (D4 being a representation space for the Dirac spinors and 
with the R~^ fiber related to the -D(l) factor of the gauge group denoting 
(in a particular Weyl gauge) the local unit of length which is to be used in 
measuring the scalar invariant yj'4){x)ip{x) of Weyl weight — |, with il}{x) = 
■ijj^{x)'y^ as usual (see below)Q The field ip{x) thus possesses an invariant 
"length" measured relative to the section taken on the i?"*" part of the local 
fiber determining the local Weyl gauge. We shall assume in the following 
that a spin structure exists on space-time and thus the bundle 5* to possess 
global sections ip{x). 

The covariant differentiation of ^(x) is defined in terms of the Spin{3, 1)- 
Lie algebra valued one-form appearing in (12.150 : 

dx^zT^ix) = dx^X^^{x)'-T^,,{x)S'' ; S'' = '-[^\^% (2.17) 



^In Refs. [T] and [2] the i?+ part of the fiber was suppressed in the notation for the 
spinor bundle S. 
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where Tji^ are the rotation coefficients of a W4 and the 7*; i = 0,1, 2, 3, are 
the constant 4x4 Dirac 7-matrices obeying 

{7\7n = 7V + 7V = 2r7^'-l, (2.18) 

with 1=14, and the vierbein fields as well as the r]ik as given in Eq. fl2.9p . 
Moreover, the S^'' in Eq.(2.17) represent, as usual, the generators of the 
Lorentz group in the Dirac spinor representation. 

In the Lagrangean presented in Eg. (12.291) below there will appear the 
x-dependent 7-matrices, 7^(x) of Weyl weight wi^j^) = — ^: 

Y = Yix) = Af (x)Y obeying {Y{x),Y{x)} = 2g'"'{x) ■ 1. (2.19) 

In the standard model the left-handed Dirac spinor matter fields (labeled 
with a subscript L) are represented as isospinors (I=|) with weak hyper- 
charge Y=— I (for leptons), forming an isodouhlet {vL,eL) of fermion fields 
ipL, and as isoscalars (1=0) with hypercharge Y=— 1 for the right-handed 
Dirac fields (labeled with a subscript R) being an isosinglet leptonic matter 
field ijjR. 

Calling the left-handed and right-handed chiral projection operators, re- 
spectively, Pl = |(1 — 'i75) and Pr = |(1 + ^75) with|f| 

75 = 7o7i7273 ; 75'^ = -75 ; (75)^ = -1 (2.20) 

and extending in the Dirac spinor bundle S introduced above the fiber F = 
C4 X i?+ to a fiber F = C4 x C x i?+ with C given by C2 for I=|, i.e. for 

left-handed fields, and C given by C for 1=0, i.e. for right-handed fields, 
the leptonic fermion fields will be given, ultimately, as sections on the spinor 
bundle 

S = S{Wi,F=(C4x€x R+,Gi). (2.21) 

S is associated to -P(W4, Gi) being the spin frame bundle with structural 
group Gi which is obtained from (1.1) by replacing the factor S0{3, 1) in the 
gauge group by the covering group Spin{3, 1). 

The chiral leptonic fermion fields of Weyl weight — | entering the La- 
grangean below are thus: 

VlJ Vl(l-«75)V'ey 2 

i^R = 6^=^(1 + 275)^^6, Y = ~l, (2.22) 



®The matrix 75 is here defined without the factor i as was done in Eq.(2.19) of I since 
later, in the hadronic sector, the 75 matrix will here also be related to the de Sitter spinor 
fields and the relations (2.18) will have to be extended to {j°',j^} = '2ri'^^ ■ 1; a,b = 
0,1,2,3,5, with 77'^'' = (im5(l, -1,-1, -1,-1) requiring (75)2 = -1. (See Sect. 3 below.) 
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with their adjoints {ip = V'^70): 

^R = eR=^,^(l-z75); Y = l. (2.23) 

For the scalar field we take as representation character with respect to 
SU{2)]y an isodoublet, / = |, thus yielding 

0=('^+) with Y = -; and (f)^ = (ifl,^*) with Y = — (2.24) 
\^o J 2 2 

possessing the Weyl weight w(0)=w(0''')= — |. Here v?o is a neutral complex 
field, and </)+ is a complex field with positive charge, obeying (f"^ = (f_ . The 
relation between electric charge, Q, third component of isospin, I^, and weak 
hypercharge is : 

Q = h + Y. (2.25) 

The field (pix), representing four degrees of freedom, may be regarded as 
a section on the bundle 

E' = E'{Wi, F=<C2 X i?+, Gi) (2.26) 

associated to P{W4,Gi). The square of the modulus of the scalar field is 
given by the f/(l)y and SU{2)w invariant of Weyl weight u;($^)= — 1: 

$2 = 0t0 = ^*^^^ + ^*^^ = \^^\2 ^ |^^|2_ ^2.27) 

Calling the U{1)y gauge fields B^; /^=0, 1,2,3, and calling the SU{2)w 
gauge fields A^; i=l,2,3, /i=0, 1,2,3, with the generators of SU{2)w given 
by |tj ; i=l, 2, 3 [with the summation over the index i of the Pauli matrices 
Ti over the range i=l, 2, 3 implied in Eq. (l2.28|) below] the covariant derivative 
of is given by (with Y=^) : 

D,(j) = d^(j)+^K,-l(j)+ '-gA'^ n<P + ig'YB, ■ 1 0. (2.28) 

where g and g' are dimensionless coupling constants related to the Weinberg 
angle (compare Eq.(2.77) of I ). 

We are now in a position to write down a Gi gauge invariant, Hermitean, 
Lagrangean density, £;, containing also a dynamics of the metric (y'^i^(x), i.e. 
containing "gravitation" [modulo Weyl transformations (2.2) and (2.3)], and 
being formulated in terms of only massless fields i.e. scalar, fermion and 
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gauge fields 0, ipL, i/jr, g^y, k^, B^, A^ possessing all a definite Weyl weight 
u;(0)= — |, w{iPl)=w{iIjr)= — |, w{g^y)=l, and with the Weyl weights of all 
the other gauge fields k^, B^, A^ being zero : 



2 



(2.29) 

Here the arguments {x) of the fields are suppressed; 7^ are the x-dependent 
7-niatrices of Eq.(2.19) with Weyl weight — |. Furthermore, the curvature 
scalar Rg with w{Rs) = —1 is given by (see Eq.(A31) of [2] jj : 

Rs = R- SV^Kp + -K^Kp , (2.30) 

where R is the curvature scalar of the Riemannian space-time, V4, and V'' 
denotes the purely metric covariant derivative. F^^,; z = 1, 2, 3 is the SU{2)\y 
gauge curvature tensor and B^,^ is the U{1)y gauge curvature tensor (both 
antisymmetric in /i, u) ; y/—g is the root of the determinant of the g^^i, 
having Weyl weight 2, and K, finally, is an overall constant of dimension 
[Energy-L~^], with L standing for length, converting the length dimension of 
the curly brackets in Eg. (12. 29 p . which is [-^~^], into [Energy-L~^] in order to 
give to jCj. later after symmetry breaking, the correct dimension of an energy 
density [j. 

The various terms in the curly brackets of (12.291) have the following mean- 
ing: The first term is the kinetic term of the 0-field; the second term corre- 
sponds to the Einstein-Hilbert action in general relativity, with the factor ^ 
in front guaranteeing conformal invariance in the W4 — )■ V4 limit; the third 
term would correspond to a cosmological constant, it is a self-coupling term 
of the 0-field allowed by the Weyl weight w{(j))= — \ and is multiplied in 
(2.29) by a constant /3 of length dimension [i^~^]; the fourth term with Rs^ 
multiplied by a constant a of dimension [L^] was introduced in I to yield a 



^We call the curvature scalar here Rg to discriminate it from the curvature radius R{x) 
of the local fiber to be introduced in Sect. 3 below. 

^"The factor K drops out of the field equations derived from Ci in I and appears here 
only for convenience. However, in the hadronic sector, discussed in Sect. 3 below, it is to 
be assured that the same conventions are adopted for Ch to yield the total Lagrangean 
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nontrivial dynamics for the Weyl vector field n^ - being a field , which, after 
D{1) symmetry breaking, would be removed from the scene, thus the a-term 
could be eliminated right at the start; however we keep it because it was in- 
cluded in I - . Furthermore, the fifth and sixth terms are the kinetic terms for 
the left-handed and right-handed leptonic spinor matter fields; the seventh 
term with constant 7 of dimension [L^^] is the Yukawa-like coupling of the 
0-field to the fermions. And, finally, the last three terms, with constants S 

and 6 of dimensions [L^], are the quadratic curvature invariants of the -D(l), 
SU{2)w and U{1)y gauge fields, respectively. We remark in concluding that 
the length dimension of the scalar field is taken to be [L°], and, relative to this 
choice, the leptonic fermion fields have length dimension [i^~2], which leads, 
taken together, to the above-mentioned length dimensions for the constants 
7 and /3. 

For further comments and the derivation and discussion of the field equa- 
tions following from this purely leptonic Lagrangean density for a Weyl elec- 
troweak theory and its subsequent -D(l) symmetry breaking as well as for 
the mass generation of the gauge bosons W^ and Z^ and of the electron, 
see the results presented in I . We here continue completing the description 
of the standard model in studying the hadronic sector in a similar manner 
basing it, at the start, on a Weyl geometry and consider again - in a second 
step - a D(l) symmetry breaking leading, finally, to the usual description of 
gravitation in a Riemannian space-time, as described in I, together with the 
results found in Sect. 4 below concerning the question how nonzero masses 
for the basic hadronic fields do appear in the theory. 

The literature on the standard model is truly enormous. At the beginning 
of all this development stands Weinberg's 'Model of Leptons' of 1967 [6j. For 
a more recent account of the history of the standard model up to the end 
of 2003 we refer to Weinberg's talk given at CERN [7] containing numerous 
references to the original literature marking a long and exciting journey. 

3 The Hadronic Sector 

of a Weyl Invariant Standard Model 

In the sixties of the last century several members of the physics commu- 
nity expressed their doubts concerning the usefulness of quantum field the- 
oretic methods for the description and understanding of strong interactions. 
Despite the great successes of quantum field theory in QED the situation in 
strong interaction physics looked less promising. There was the Regge-pole 
model with its complex angular momentum and interpolating fields as well 
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as the use of dispersion relations, which brought a hmited amount of success 
and progress. The main highhght and focus, however, was symmetry, mo- 
tivated by group theory and representation theory, in particular SU{?)) and 
Gell-Mann's "Eightfold Way" [jj, which, in the end, led to quarks and the 
colour-S'f/(3) description which is now part of the standard model. 

Some physicists followed in the seventies and early eighties an altogether 
different route trying to link strong interactions to gravity. They studied the 
possibility of regarding the Poincare group as a gauge group with the hope to 
arrive at a dynamical theory involving a spectrum of states of various masses 
and spins in the presence of gravitational fields and, possibly, new geometric 
additions to Einstein's theory as, for example, torsion (compare the literature 
quoted in Ref. [S]). In this general context it was suggested in 1975 to use 
differential geometric means and methods and to base a geometric description 
for extended elementary objects in particle physics on a higher dimensional 
space, in fact, a fiber space or fiber bundle raised over space-time as base [TO] . 
In particular, it was proposed to use a bundle with the ten parameter de 
Sitter group, (j'=S'0(4, 1)=0(4, l)"*""*", as gauge or structural group, having 
the gauge group of gravitation, H=S0{3, 1), as a subgroup, and to consider 
as fiber of such a bundle a coset space G/H isomorphic to a Riemann space, 
VI, of constant curvature. The curvature radius R was considered in [10] to 
be a constant (i.e. to be independent of xeB) characterizing hadron physics, 
i.e. being of the order of i?~10~^^ cm with R representing a length parameter 
typical for extended elementary objects like protons or neutrons. 

An essential point in this approach is the use of a so-called soldered bundle 
(here of eight dimensions) possessing a first order contact between the local 
fiber, VI, at xeB and the space-time base B being a Riemannian space 
V4. The soldering propertjo leads to the identification of the local tangent 
space to space-time and the local tangent space to the fiber - being both 4- 
dimensional Minkowski spaces - by an isomorphism. The particular bundle 
proposed in Ref. [lOj was the de Sitter bundle : 

E = E{B=V^,F=G/H,G=S0{A,1)) (3.1) 

which is associated to the de Sitter frame bundle P=P(V4, ^=5*0 (4, 1)) over 
space-time V4. 

In contracting the structural group in E and P by an Inonii-Wigner 
contraction with respect to the stabihty subgroup H, and considering the 
limit R — > 00, the de Sitter group 5'0(4, 1) contracts to the Poincare group, 
IS0{3, 1), and E goes over to the affine tangent bundle over space-time V4 
associated to the Poincare frame bundle P{V4,ISO{3, 1)) over V4 [12j. 



^^See, for example Ref. [S] 

^^ Compare Ref. [TT] and the literature quoted there. 
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Some years later, in the paper II o, the curvature radius R characterizing 
the local de Sitter fibers, was considered to be a variable, i.e.x-dependent, 
quantity, R=R{x), referred to in II as a "modified Weyl" degree of freedom. 
It was named in this way, since it applied to the variability of a quantity as- 
sociated with the fiber oi a bundle over space-time, which was unrelated in II 
to the metric of the underlying space-time base. Now we intend to extend the 
Weyl transformations (2.2) and fl2.3p considered above also to the hadronic 
sector. Now the curvature radius of the local de Sitter fiber does, indeed, 
transform under the Weyl transformations introduced in Sect. 2 above, and 
we have to determine a Weyl weight o for the quantity R{x). Before we do 
that we enlarge our above de Sitter framework with the associated bundle E 
to a bundle E over a base W4 having the structural group 5*0(4, 1) (g) -D(l) 
(calling the bundle again i? as in II ): 

E = E{B=W4, F=G/H X i?+, ^0(4, 1) ® D{1)) (3.2) 

which is a bundle associated to the principal bundle Pw(W4^, S'0(4, 1)^D{1)) 
called the de Sitter- Weyl frame bundle. We stress that we shall here not con- 
sider the possibility of the global presence of Cartan U4 torsion in the base, as 
was considered essential in II [f|. In Eq. fl3.2p we regard the local fiber, F^ over 
xG-B, to be the direct product of a local de Sitter space-time, V^ ~ G/H, 
as before in E, and the positive real line, i?"*", determining the local cur- 
vature radius R{x)eR'^ in considering sections on E. We parametrize the 
de Sitter space V4 in terms of coordinates ^'^ ; a=0,l,2,3,5 of an embed- 
ding Lorentzian space R^^i with metric rjah=diag{l, —1, —1, — , 1 — 1), with 
the space VI given in R^i as a hypersurface, i.e. a one-shell hyperboloid 
^"'^^Vab= — R^ 1 with the summation convention of summing over repeated 
upper and lower indices a, 6 over the range 0,1,2,3,5 being understoodQfl. 
Thus a section on E will be denoted by (^"(x), -R(x)) obeying 

e{x)l\x)r^ab = -R\x), (3.3) 

with the ^"(x) transforming under 5*0(4, 1) gauge transformations, i.e. changes 
of section on E (disregarding the -D(l) transformations at this point), as 

t\x) = [Ag^4\~e{x), (3.4) 



i^See also Ref. [H] 

-'^^The Weyl weight which was introduced in the "modified Weyl" theory in Eq.(1.3) of 



II has to be changed now. 



^^In comparing formulae appearing here with those derived in II the torsion tensor K^^ 
there has to be put to zero. 

^^antipodal points ^° and — ^^ are identified on the hyperboloid. 
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where ^^(a;) denotes an x-dependent element of 50(4, 1) in its basic 5x5 
matrix representation. 

The point of contact between base space and fiber in the soldered bundle 

o 

E will be denoted by ^(x) having coordinates 

o o o 

^\x) = {i\x) = for b=i=0, 1,2,3; ^\x) = -R{x) for 6=5) 

= (0,0,0,0,-i?(a;)). (3.5) 

o 

The de Sitter boost transferring the point E,{x) on E to the point E,'^{x) on 
E is denoted by A(^(x)) obeying 

C{x)=[A{l{x))]\l\x). (3.6) 

An explicit matrix representation of A{S,{x)^ is given in Eq.(2.20) of II (see 
also App. A below). 

The Lorentz group H in the discussion above concerning the bundles E 
and E is taken to be the isopropy subgroup of S'0(4, 1) belonging to the 

o 

point i{x) in G/iJ~V^'(x). Each de Sitter transformation, Ag(^x)^ may now 

o 

be broken down into two boosts and a Lorentz transformation in E,{x), which 
may be expressed as : 

A,(,.) A{i{x)) = A{ax)) A{A{ax),ax))) (3.7) 

with ^"'(x) and (.""{x) related by Eq. (l3.4p . The transformations A(^A{^' {x) , C,{x))) 
represent the nonlinear realization of the de Sitter transformations on the sta- 

o 

bility or isotropy subgroup H of the point C,{x) in E, which are the so-called 
S0{4:, 1) "Wigner rotations", being Lorentz transformations in this case. 

We now return to the question of the Weyl weight for R{x), or more 
specifically, for the section {C,"'{x),R{x)) of E. The intrinsic geometry of 
a (4, l)-de Sitter space with curvature radius R was investigated in stereo- 
graphic projection [sp] coordinates x\i=0,l,2,3, in Ref. [H] and shown to 
be determined by Cartan's structural equations : 

doj'^ + Uk A a)'^ = and dujij + Coik A a)^^ = Vtij = -— Ui A Uj (3.8) 

R 

with the metric on the de Sitter space being expressed in terms of [sp] co- 
ordinates by g^u{,x) (see App. A of |14j)- This metric leads to a curvature 
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scalar Rs for a de Sitter space which, together with the curvature equation 
in fl3.8p imphes the relation 

32 
^s = -^ = const. (3.9) 

Because of soldering the internal metric g^v{x) in the de Sitter fiber of E has 
to be scaled in the same way as the metric in the base (see Eqs.(2.2) and (2.3) 
of Sect. 2 above), implying that Rg has Weyl weight w{Rs)= — 1 as has the 
curvature scalar in Eq. (l2.29p . The Eq. (l3.9p then shows that the curvature 
radius R{x) of the fiber of E is transforming with Weyl weight w{R)=\, i.e. 

R'{x) = [(t{x)]^R{x). (3.10) 

The same is true for S,"'{x) transforming under Weyl transformations (2.2) 
and (2.3) with Weyl weight w{S,)=\. 

This information on the Weyl weight for the sections on E is crucial 
in order to determine how these sections (^"(x), -R(x)) — which eventually 
will determine the symmetry breaking 5*0(4, 1) — )■ 50(3, 1) and the role 
played by the asymptotically surviving gravitational fields — will enter the 
hadronic Lagrangean and thereby enter the dynamics of strong interactions. 
The section ^° (x) , with four degrees of freedom, is here completely analogous 
to the scalar field 0(x) in the leptonic sector studied in Sect. 2. We shall come 
back to this analogy in Sect. 4 below. 

Next we like to discuss the connection defined on PwiW^, 5*0(4, 1)^D{1)) 
determining the covariant differentiation on the associated bundles E and 5 
below characterizing the strong interactions together with gravitation geo- 
metrically in the hadronic sector of the standard model. This means that we 
are going to treat the quark fields, on the one hand, as left-handed and right- 
handed massless Dirac fermion fields with the conventional weak isospin and 
hypercharge assignments as well as the 5't/(3)c gauge interaction; on the other 
hand, however, as four component de Sitter spinor fields transforming un- 
der 5*0(4, l)=5pm(4, 1) at small ("confined") distances and under Spin{3, 1) 
asymptotically, as we shall see. The -D(l) factor in the bundle Pw introduced 
above - which will be explicitly broken later as mentioned - is treated as in 
Sect. 2 (compare Eqs. (l2.10j) - (l2.14j) ) with the tilde on P]y understood as a 
reminder that the de Sitter group is involved here as compared to Eq. (l2.10p 
[and that the -D(l) group is present in distinction to Eq. fl3.1l) ]. However, 
we focus the attention primarily on the de Sitter degrees of freedom in the 
following discussion. 

We now introduce a so-called Cartan connection PI on the soldered bundle 

^^ Compare Ref. [TT] for a more mathematical treatment. 
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E possessing a curled up fiber V2^5'0(4, 1)/S0{3, 1) of variable radius of 
curvature R{x). The connection on P]y to which E is associated (disregarding 
for the moment, as mentioned, the dilatation group) is a 5*0(4, 1)-Lie algebra- 
valued one-form, u^, which, in a particular gauge, gives rise to a 5 x 5 matrix 
of one-forms in the base of Pw, i.e.r^l 

Here a=i,5 (row index) and b=j,5 (column index) with z,j=0, 1,2,3. Low- 
ering the index a with the de Sitter metric rjab one obtains the forms o;^ 
obeying a;f^= - w^ 0. 

Calling now the de Sitter Lie algebra g, the Lorentz subalgebra g/ and the 
de Sitter boost generators p, the form (13. Ill) of the connection corresponds 
to the decomposition of the Lie algebra g according to g=g/+p with the 
p- valued forms denoted by 6^{xy and 6^{x)j, respectively, representing the 
soldering forms of the connection. 

The geometry in PyyiyV^, S0{4:, 1) ^ -D(l)) is characterized by Cartan's 
structural equations reading 

du^, + uj^,Au^^ = Q^, (3.12) 

The role of the 5*0(3,1) ® -D(l) subsymmetry was studied in Eqs. 02.1Up 
- (I2.14p . and the relations to the Eqs. (l3.12p have now to be established. 
To this end we go over to the nonlinearly [NL] transforming form of the 
connection (13.111) in using the boost transformations A(^(x))o The result 
is the following NL form for the de Sitter connection : 

The arguments (x, C,{x)) are here meant to indicate that the entries of the ma- 
trix (I3.13P transform under A[A(^' (x) , ^(x))) , i.e. nonlinearly under 5*0(4, 1), 
with [VT'^j^j as a Lorentz connection and [0^']j and [6^f as co- or contravari- 
ant Lorentz vectors. 

The transformed soldering forms in (13.131) are given by 

[9\x,iix))f ^ [W^{x,^ix))]\ = ^^[A~'iix)]\D^Cix), (3.14) 



^^See Ref. [IT]. The inhomogeneous transformation rule under 5*0(4, 1) gauge transfor- 
mation, Ag(a;), of the matrix (3.11) is given by: a;^(a:)'=Ag(2.)a;^(a:)A~(^^ - Agi^^-^dA^^^y 

^^The label R on the connection forms is a reminder that a de Sitter space of curvature 
radius R is involved. 

2"For details see II, p. 630 - 632. 
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where D^^"-{x) is the 5*0(4, l)(g>-D(l) covariant derivative of the section (.""{x) 
on E defined by 



D^Cix) = dCix) + [u^ix)y^\x) - wiO <x) Cix) (3.15) 

with the Weyl weight w(^) = | as derived above. 

The form (I3.14p for [6{x,C,{x))y exemphfies exphcitly the fact known from 
differential geometryo that the connection on Pw reduces from a g-valued 
to a g/-valued, i.e. Lorentz-valued, form whenever the section (^"(x), -R(x)) 
on E is covariant constant (or parallel), i.e. obeys 

D^Cix) = 0. (3.16) 

This equation characterizes the region in the space-time base of the bundles 
concerned where the original de Sitter gauge symmetry reduces to the gauged 
Lorentz subsymmetry (representing pure gravitation physically) and discrim- 
inates it from those regions in the space-time base, i.e. for D^^°'{x) ^ 0, 
where the 5*0(4, 1) gauge symmetry does not reduce but is nonlinearly real- 
ized on the stability subgroup 50(3, 1) of 50(4, 1). 

In order to make the conclusions of Eg. (13. 161) more transparent and ex- 
plicit we view this equation in its nonlinear transforming form : 

NL o o o -| o 

b^C{x) =dC{x) + [iy^(x,e>))]6" l\x) - -k{x) e{x) = 0. (3.17) 

NL 

Here D^ denotes the de Sitter and Weyl covariant derivative with respect 
to the nonlinearly transforming de Sitter connection W^{x,S,{x)). Due to 
Eq. (l3.5p the Eq. (l3.17l) is equivalent to 

[W^{x, l{x))]\ = [e^{x, ^{x))Y = for a=i=0, 1, 2, 3, (3.18) 

and to 

dR{x) - -k{x)R{x) =DR{x) = fora=5. (3.19) 

Eq. (l3.18p restates the already mentioned fact that the de Sitter connection 
reduces from a g-valued to a g/- valued form if D^^"'{x)=0, and Eq. (l3.19p 
states that R{x) is Weyl covariant constant implying that K^{x)=2d^\ogR{x), 
i.e. that ffj.^=0 and the transfer of the length R{x) is integrable. The Weyl 
degree of freedom of R{x) is thus "pure gauge" and may, in fact, be gauged 
away using in Eq.(2.3) a gauge factor a{x)2 =const / R{x) yielding k'=0 and 



^^ Compare the theorems on ps. 57 and 88 of Ref. [IS] . 
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R' {x)=Ro=const whenever or wherever (13.171) is true. Hence the de Sitter 
and Weyl gauge symmetries are both broken in regions of the space-time 
base of the bundles where D^^°'{x)=0. 

In view of the results obtained in II and in the absence of global [/4 Cartan 
torsion in the space-time base, we are entitled to identify the Lorentz i.e. g/- 
valued part in ( 13.1 3p . after lowering the index i, with the forms outk = 0Jik{x) 
in Eq. fl2.1ip of Sect. 2. This means : 

[W''{x,iix))]ik = to,kix), (3.20) 

where uJik{x) is composed of a purely metric part, Uiki^x), and a Weyl addi- 
tion which vanishes whenever Eg. (13. 161) is true. The actually remaining de 
Sitter contributions thus only arise from the soldering forms [6^{x,^{x))f in 
Eg. (13. 131) leading to the presence of de Sitter-induced torsion - i.e. («,5)- 
and (5, j)-components of de Sitter curvature - in regions where D^^°-{x) ^ 
(see below). 

We now, finally, introduce the de Sitter spinor bundle S" associated to 
PwiW^, Spin{4:, 1)^D{1)) with struclural group Spin^i, 1)(^D{1), i.e. (com- 
pare Eg. (^M>) 

S' = S'{W^, F=C4 X R+, Spin{4, 1) ® D{1)) (3.21) 

with the 5*0(4, 1) spin connection, denoted by iT^{x), being in analogy to 
Eg. fl2T7D defined by 

dx^zT^^ix) = dx^X^ix) '-VUx) S^\ S'^" = ^[7^71, (3.22) 

where 7"=(7*,i=0, 1, 2, 3; 7^=7*^7^72^3-1 jg ^ gg^ of five anticommuting con- 
stant Dirac 7-matrices obeying 

{j^^ j^} = 2 r]^^ 1, 7'^t = ^o^«/, (3.23) 

with the metric t]"-^ in the embedding space R^^i as introduced above (compare 
also Egs. (l2.18p ). The F^j, in (I3.22p are the de Sitter rotation coefficients with 

pirR , ,-R 

The Spin{A, 1) (g) -D(l) covariant derivative of a de Sitter spinor wave 
function ^ of four component Dirac type cj , being a section on S' and 
possessing Weyl weight w{^)= — | as in Sect. 2 above, is given by 

D^V(a;) = dx^{ [d^ + tT^^{x)) iP{x) + ^K^{x) ■ 1 iP{x)}. (3.24) 



^^ There are no two component Weyl spinors transforming under the de Sitter group. 
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Under changes of section on S' , i.e. under de Sitter and -D(l) gauge trans- 
formations, the spinor field iplx) transforms as 

V'(x)' = [a(x)]-i5(A,(,,))^(x), (3.25) 

and correspondingly for '0(x)='0^7° : 

iP{x)'=[a{x)rHix)S-\A,^.)), (3.26) 

where S{Ag(^))ESpin{4:,l) and S-^{Ag(^))='j°S^{Ag(^))'j^ obeying 

S{Ag^^^)rS'\Ag^,)) = [A^^^^Ui' = [Ag^.^ri' (3.27) 

expressing the homomorphism Spin{4, 1) — > 5*0(4, 1). 

It is easy to go over now to nonlinearly transforming spinor fields with 
the help of a spinor boost transformation (we use the same notation as in 
Eq. dXT^ above) 

iljix,ax)) = S-\A{ax)))iPix) (3.28) 

yielding a four component spinor field transforming under changes of section 
on S' and, correspondingly, on E as 



^'{x,C{x)) = [a(x)]-3 5(^A(A(r(x),e(x)))j^(x,e(x)), (3.29) 

with 

r'(x) = [a(x)]i [Ag^,)]\^\x). (3.30) 

We end this discussion by introducing, with the help of the spinor boost, 
a set of nonlinearly transforming 7'^-matrices under Spin{4:, 1) by (compare 

m) 

na^)) = S{A{iix)))rS-\A{iix))) = [A-\iix))]\^\ (3.31) 

with 

7"(e») = (l\ax)y, 7'(e») = ^^^)- (3.32) 



R{x) 
As is easily shown using Eqs. (l3.7p and (I3.27P they, transform like 

S{Ag^,^)^'{ax))S-\Ag^,)) = [A-\C{x),ax))]^ f (r(a:)); fora=fc, 

(3.33) 
andB 

^(^.(.■))^^^-^(^.«) = ^^; fora=5. (3.34) 



^•^One can rewrite Eas. p.33p and p. 341) in one formula as : 
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One could regard t/'(x) as a spinor field defined over the bundle E being 
associated with the point (x, ^(x)) there. Changing the section on E' by a 
gauge transformation Ag(^x) with ^(x) — )■ C,'{x) according to Eg. (13.41) - or 
better (13.301) - corresponds to the change with S{Ag(^x)) for ip{x) on S' in 
(I3.2ip according to Eg. (13.251) . Going over to the nonlinear ly transforming 
spinor fields (I3.28P transforming as given in Egs. (13.291) and (I3.30p . one sees 
that the gauge transformation on E is still in the background. Here '0(a;, ^{x)) 
- despite its notation - could be regarded as a field defined over the base of 

o 

E in identifying the zero section ^{x) on E with the space-time base. It is 
essential to remark that the transition (I3.28P from the linear to the nonlinear 
transforming de Sitter spinor field is a gauge transformation. The C,{x) in the 
argument of the '^-field in (I3.28P is meant merely as a reminder or label that 
this is the spinor field represented in the nonlinear gauge, i.e. transforming 
nonlinearly under S'pm(4, 1). Correspondingly, the 7°(^(x)) denote the set 
of de Sitter 7"-matrices in the nonlinear gauge, i.e. transforming nonlinearly 
under Spin{4, 1). This property is of importance later in Sect. 4 in considering 
variations of the fields entering the Lagrangean with the aim at deriving field 
eguations for the fields ^""{x). The gauge choice for the 7°-matrices or the 
spinor fields is in this respect clearly not of dynamical relevance. 

Before we finally introduce the de Sitter guark fields in this formulation 
of the standard model based on a W4, we drop some remarks concerning the 
curvature tensor associated with the two- forms fi^^ of Eg. (13. 12]) . Considering 
the NL form of this eguation and in view of Egs. (13. 15]) and (I3.18P one finds 
that, despite of the fact that we excluded a general Cartan U4 torsion in 
the space-time base, there does appear, as mentioned jibove, a so called de 
Sitter-induced torsion of the Cartan connection on Pw locally in regions 
where D^^"-[x) 7^ 0. Using also the identification (l3.2Up this torsion is given 
in NL form by the Lorentz vector valued two-form 

[e^(x, i{x))f = d [9^{x, ^{x))f + [coix)y A [^^(x, ^{x))]' 

= D[9^{x,i{x))f (3.35) 

expressible in terms of the de Sitter connection coefficients r^^^{x, C,{x)) which 
are Lorentz tensor- valued guantities here. These coefficients of the soldering 
forms also make a guadratic contribution to the de Sitter curvature tensor 
R^^i{x,^{x)) in NL form which reads (with the arguments (x,^(x)) on the 
r.-h. side being suppressed) o : 

Qg./(^,e») = -(rf,5rj^5 - rjsra (3-36) 



24Compare Eqs.(2.26) and (2.45) of II . 
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leading, finally, to the total Lorentz indexed curvature tensor associated with 
the g/- valued part in fl3.13p : 

RfA'^.ii^)) = R^,kl + P^,u{x) + gg,;(a;,f(a;)). (3.37) 

Here Rijki is the Riemannian part, Ptju is the Weyl addition (compare App. 
A of Ref. |2]), and Qfj^-i is the tensor (I3.36P originating from the de Sitter 
gauge aspect of the theory. For the curvature scalar one computes from 
Eg. (13. 36 p with the value Rg for a W4 as quoted in Eg. (12. 30 p . and with r^5= — 
rj^5 having Weyl weight — | , 

i?f = R, + g^, (3.38) 

where Q^ is given by 

Q"" = Q^'ix^iix)) = Tf^,ix,i{x)) T^^^'{x,iix)). (3.39) 

We stress, however, that Q^ is a scalar quantity characterizing the dy- 
namics in the fiber oi E related to what is called "the torsion of the Cartan 
connection" on P^. The space-time base is torsion- free even in regions where 
Q^^O as is seen from Eq.([233)- 

We now proceed in a similar manner as in Sect. 2 above and introduce for 
the description of quark fields in the W4-standard model discussed here an 
enlarged spinor bundle S for hadrons analogous to the bundle S for leptons 
in Eq,([MID : 

S = S{W^,F=(C4x(CxR+,Gh). (3.40) 

Here S is associated to the principal bundle PwiW^jGh), with Gh denoting 
the covering group of Gh defined in (1.2) containing Spin^A, 1) instead of 
S0{4:, 1) as a factor. C in (13.400 is given by a product of a fiber (D for 
the assignments of left-handed (L) and right-handed (R) Dirac spinor quark 
fields as in (12.211) above for the leptons times a 3-dimensional fiber C3 for 
the colour- Sf/ (3) description of hadrons, i.e. 

C=(DxC3. (3.41) 

The linearly transforming de Sitter covariant c/izra/ fields iPl{x) and iI)r{x) 
have to be constructed with the projection operators 

P±(|(x)) = ^(l±z75(e»)) (3.42) 

with + for the right-handed fields (i?) and — for the left-handed fields 
(L). Only the nonlinearly transforming chiral Dirac - de Sitter spinor fields, 

22 



'^l,r{x, ^{x)), (compare Eq. fl3.28p ). have the usual constant projection factors 

o 

|(1 ±^75), being equal to P±(^(x)), which appear also in the leptonic sector 
described in Sect. 2. We now formulate the gauge invariant hadronic La- 
grangean using the linearly transforming fields, iI)l,r{x), possessing as eigen- 
values of «75(^(a;)) the values —1 and +1, respectively. We can go over to 
the NL form, having the simpler 75-structure, whenever necessary for clarity. 
We stress that this is a question of representation and choice of gauge and 
does not restrict the de Sitter invariance of Ch- Before writing down the La- 
grangean density we restate again the transformation properties of the chiral 
de Sitter spinor fields: 

V^^'(x) = [o-(a;)]-t5(A,(.))^z.(x) = ^(l - z^,{ax)))i^' (x) (3.43) 

with C,'{x) as given in Eq. (l3.30p and i)'{x) according to Eq. (l3.25p and analo- 
gously for if)ji{x). 

As mentioned, we consider in this paper only one generation of leptons 
and quarks (compare Eqs. (12.221) and (12.231) ). The chiral Dirac spinor quark 
field sections, ^(x), of 5* appearing in Ch are: 



^^ - :i - v: :'"^:j> y-, (3.44) 



rJ vi(i-n5(f))^v' 6 
rR = lii+timr, y=^ (3.45) 

K = l{l + ^l,{i))r, Y=-^ (3.46) 

and their adjoints (^='^'^7°) : 

i>L = (^L *l) = (^"^(1 + ^75(0), ^'^(1 + ^75(6)), >^=-J(3.47) 

rR = r^ii-^i^io), y=-l (3.48) 

^R = ^'^(1-^5(0), yJ- (3.49) 

Taking due recognition of the Weyl weights w{^)=w{R) = j and w{ip)=—^, 
the possible terms in a Gh gauge invariant, Hermitean, hadronic Lagrangean 
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density Ch are (the arguments (x) of the fields are suppressed) 
1 



C-h 



KV^< ^ g'-'iD^h {D^i')^ 0^< 






+A 



i?2 



+xR'\{ii^^'{Oi^L){^Lik{o^L) + {rRi'{orR){rRik{orR) 

+{^h\l)K){^RikmR) 



+A 



(^^0)^^+^^(0Vi) + (^^0)^^ + ^^(0Vz.) 



1 

4 



'-^cG^^^u^T 



(3.50) 



The first term in the curly brackets is the kinetic term for the de Sitter 
field ^"(x) multiplied by 0^/-^^ ^o give to this contribution the correct Weyl 
weight and length dimension [i^~^]. Thereby a coupling between the square 
of the modulus, $^(a;), of the 0- field in the leptonic sector and the covariant 
derivative of the ^-field is appearing which, according to the discussion after 
Eq. (l3.16p above, is only present in regions of the space-time base where 
the de Sitter symmetry does not reduce to the Lorentz subsjTumetry. This 
contribution is appearing here with the factor ^ since it plays a role in Ch 
comparable to the term — ^i?s0V iii ^i of Eq. (l2.29p . This choice of cofactor 
is adopted in view of the later merging of the leptonic and hadronic sectors 
and the final use of the Lagrangean C = Ci + Ch below. We remark in 
passing that the first term in the curly brackets is identical to — ^Q'^^V 
for DnR{x)=0, i.e. after -D(l) symmetry breaking (compare Eq. (13.381) and 
Eq. (l4.8p below); hence a term of this type need not be separately introduced. 

The following six terms in Eq. (13.50]) represent the kinetic terms for the 
fermionic {I=^,L) and (/=0,-R) up{u) and downed) massless quark fields, 
and the square brackets, multiplied by a dimensionless coupling constant A, 
describe the couplings between the ^"^-field and the up and down quark fields. 
The Dirac matrices "^^{C) are the x-dependent, nonlinearly under 5*0(4, 1) 
transforming, matrices of Weyl weight —\ defined by 7'^(^(x))=A^(x) 7'^(^(x)) 
with the '^^{^{x)) transforming as in Eq. (13.331) having Weyl weight 0, and 
analogously for 7a(C(a^)) appearing in the A-term - see footnote 23 imply- 
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ing that (.""{x) undergoes a A(^'(x),,^(x))-rotation in the A-terni of (13.501) in 
changing the de Sitter gauge. There, due to the LL and RR structure of 
the chiral quark currents, the contributions for a=5 in the summation over a 
vanish due to 275 (f(a;)) P±{^{x))= ± P±(f(x)) and P+(f(x)) ■ P-(|(x)) yield- 
ing zero. Stated differently, one may express this property of the A-term by 
saying that it would be identically vanishing for a zero-section on E, i.e. for 

o 

i'^{x)=^''{x) = {0,0,0,0, -R{x)). 

D^ and D^ in Eq. fl3.50p are total covariant differentiation operators 
acting, respectively, to the right and to the left, differentiating every repre- 
sentation character the quantities tj) or ip may have (depending on the weak 
isospin) including de Sitter gauge covariant differentiation as well as SU{3)c 
gauge covariant differentiation. The square brackets multiplied by the con- 
stant A of dimension [L~^] contain three current-current self-interaction terms 
of nonlinearly transforming Dirac spinor currents, and the brackets multi- 
plied by the constant A of dimension [L"^] represent the analogon of the 
Yukawa-like term appearing in the leptonic Lagrangean fl2.29p of Sect. 2. 

We mention in passing that the current-current self-interaction terms pro- 
portional to A allowed by the Weyl weights may also contain each a Gell-Mann 
SU{3) matrix A^; s=l, 2. ..8 between the ip and i/j fields with summation over 
s in Ch- This, however, concerns the details of the colour gauge dynamics 
which clearly cannot be decided upon by invariance arguments related to 
Weyl transformations alone. We thus have to leave this question of the pres- 
ence or absence of the A^-matrices in the current- current terms of Eq. fl3.50p 
regarding the chromodynamics as undecided. 

Finally, the last term in the curly brackets is the colour gauge curva- 
ture contribution with the summation over s from 1 to 8 understood. The 
analogous quadratic curvature invariants for the electroweak and -D(l) gauge 
groups appear already in Ci (see Eq. (12.290 above). 

We remark in passing that the length dimension of the curly brackets in 
Eq. (13.501) is [i^^^], with the length dimensions of the quark fields being [^^2] 
as for the fermions in the leptonic sector in Sect. 2 above. 

The contributions of the quark fields in Eq. (I3.50p - besides the A-terms 
- could have been written shorter as 

E {^[^^ (7^(0^? - ^^YiO) ^^] + A {¥ia{0 ¥) ■ § 

+ \R' {i>^l\l)i^f){i^flk{i)¥)] (3.51) 
with a summation over flavour / (of which here only up and down is consid- 
ered). However, we prefer the explicit form given in (I3.50p in parallel to the 
form f)2.29p for the leptons, since its 75-structure is more transparent. 
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4 Field Equations 

and Weyl Symmetry Breaking 

The field equations following from the Gi gauge invariant leptonic La- 
grangean fl2.29p were discussed in detail in I . Before breaking the Weyl 
invariance and going over to a formulation of the standard model in a re- 
alistic Riemannian description for the classical gravitational field, we derive 
in this section the field equations following from the Gh gauge invariant La- 



grangean fl3.50p . Those additional contributions, which arise when one goes 
over to the total Lagrangean C=Ci + Ch combining both sectors and discuss 
its -D(l) symmetry breaking, will be investigated at the end of the section. 

Varying the quark fields tpi, tp^ and tpj^ in (13.501) one derives the following 
three Dirac-type equations each of which possessing an additional cubic self- 
interaction term proportional to A : 

+ x<f>{x)[rR{x)+Ki^)] 

+2Ai?2(a;)(^^(a;)7fc(e>))^L(x))7'(l(a:))^L(a;) =0, (4.1) 

tiMix)) D^rnix) + \^iaiax))c{x)rR{x) 



+ A (^0^(x)^l(x)^ 

+2\R'ix)(rR{x)^,{i{x))rRix))^\iix))rR{x) = o, (4.2) 



t^'{ax))DM{x) + Xj^7^^1a{ax))C{x)Ki^) 



+ A (^0^(x)^l(x)^ 

+2XR\x)(rR{x)ik{ax))rR{x))i\ax))rR{x) = o. (4.3) 



In each of these equations A multiplies a term coupling right-handed and 
left-handed fields like in the term proportional to 7 in £; of Eq. (l2.29p and 
the field equations derived from it in I describing electrons and electron 
neutrinos. The A-terms in the equations (14. ip - (14. 3 p - when taken alone - 
could be interpreted as mass-like terms for the ^-fields depending on C,"'{x) 
and R{x) which simplify after -D(l) symmetry breaking as will be shown 
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below. The ^^^-terms obtained from the current-current self-interaction 
proportional to A in f l3.50p are evidently also related to the effective masses 
of the quark fields if at all one insists in introducing the notion of a mass 
for the '0-fields. We shall see below that the quark currents and quark fields 
are confined to small domains in space-time while the concept of a mass of a 
field or particle applies in the strict sense only to fields or particles appearing 
asymptotically. 

Varying now the de Sitter fields, ^"(x), in Eq. (13.501) one obtains, with 
(f)'^{x)(f){x) =^^{x) and 7a(0=7a(^(^)) (see also App.B): 

Id^'D^Ux) - ^^{D^'Ux))b,R{x) + {D^'Ux))^^D,^\x) 



^"^(x 



«^'^> «.^0. (4.4) 



<l>2(x) 



The quark current term arising from the explicit ^(x)-dependence of the A 
term in Eq.f l3.50|) acts here as a source for the ^"(x)-field. The last term 
on the l.-h.s. of Eq. fl4.4p is meant to represent those contributions originat- 
ing from a possible implicit ^(x)-dependence of the 7a-matrices in fl3.50p - 
and in particular of the projection operators (I3.42p contained in the chiral 
spinor fields. Such contributions arising from the variation of the C,"'{x) in Ch 
have to be discriminated from gauge degrees of freedom and are investigated 
separately in Appendix B. There it is shown that the ^(x)-dependence of 
the 7"-matrices in fl3.50p is a gauge effect being dynamically irrelevant in a 
variational derivation of the field equations for ^""{x). Hence the term 6'Ch 
in Eq. fl4.4p is zero and can be ignored. 

Eq.f l4.4p represents a complicated set of equations for ^a{x); a=0, 1, 2, 3, 5, 
which we only need and therefore discuss here in the broken Weyl case, 
i.e. after breaking the -D(l) symmetry by demanding, as was shown and dis- 
cussed in detail in I , for the scalar isospinor field 0(x) of Sect. 2 the symmetry 
breaking condition 

D^<^\x) = d^'^^x) + K^<^\x) = 0, (4.5) 

freezing the norm $(a;) of (f){x) to a constant x-independent value called cpo in 
I . We shall discuss the Weyl symmetry breaking in more detail below in this 
section and only mention at this place that, with Eq. (l4.5p . also the variable 
curvature radius, R{x), of the local de Sitter fibers in E have to obey an 
analogous equation on the hadronic side, i.e. Df^R{x)=0, freezing the radius 
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R{x) to a constant x-independent value Rq. After -D(l) symmetry breaking 
the Eqs. fl4.4p thus take the much simpler form with 7a(0~7a('C(3^)) • 

(4.6) 

where we have left out the tildes on the ^-fields and the covariant derivatives 
since the Weyl vector field k^ is zero after Weyl symmetry breaking (see 
below) and the bundle E of Eq. (I3.2p raised over a W4 reduces to the bundle 
E of Eq. (13. ip raised over a V4 with W4 — )■ V4 in the Weyl symmetry breaking 
limit. Eq. (l4.6p shows that the local de Sitter quark field current (here for 
the first generation of quarks) between the square brackets on the r.-h.s., 
multiplied by the dimensionless constant \'=\/ipo^, acts as the source current 
for the ^a(a;)-field obeying C"'{x)^a{x)= — R^. We, moreover, observe that 
in the equations (14. 4|) and (14.61) the quark current is zero for a=5 due to 
the chirality of the fermion fields as a result of Pl ■ Pr yielding zero, as 
was already noted after Eq. (l3.50p above. Furthermore, for Z}^^"(x)=0 , i.e. 
when according to Eq. (l3.16p the de Sitter gauge symmetry reduces to the 
Lorentz subsymmetry describing pure gravitation, the Eqs. (14.60 imply for 
a=/c=0, 1, 2, 3, that the total Lorentz current of the L and R quark fields has 
to vanish. This means that the r.-h.s. of Eq. (l4.6p can only be nonvanishing 
for those regions in space-time where D^^"'{x) = V^(x) 7^ 0. Outside these 
regions the total first generation quark current of NL type with Lorentz 
components, fc=0, 1,2,3, appearing in the square brackets of Eq. (l4.6p . have 
to vanish. This property expresses the idea of confinement, formulated in 
the present context and after -D(l) symmetry breaking, making use of the 
section E,°'{x) defined on the de Sitter bundle E playing here the role of a 
symmetry reducing field associated with strong interactions: Only gravitation 
can appear asymptotically, not, however, the quark currents and quark fields. 
To underline this result we contract Eq. (l4.6p with the fields ^°'{x) yielding 
in the broken case, with R{x)=Ro=const : 

^Kr(x)\/;(x) = -y[(V'x(x)7a(e(a:))^L(x)) + {rR{xha{ax))rR{x)) + 

{i^u^haiax))rRix))]-eix), (4.?) 

where, as mentioned above, on the r.-h.s. in the summations over a only 
a=k=0, 1, 2, 3 can contribute. We evaluate the invariant on the l.-h.s. in the 
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NL form using, after -D(l) symmetry breaking, for those regions of space- 
time where the de Sitter symmetry does not reduce (compare the discussion 
after Eq. fl3.16p above) 

Vl{x) =D^C{x) = p ^^ , . ,, . , "" n 1 9 -? (4-8) 

^^ ' M -^ V / j^ itor% 5(x,4(x) for a=z=0, 1,2,3, ^ ' 

and find the interesting resuh that 

NL NL 

Va'{x)v^^{x)=v';,{x)v^^ix) = -i?o'rg5(x,e(x))r^^^-^(x,e(x)) 

= -Ro'Q''{x,ax)), (4.9) 

where in the last step Eq. (l3.39p has been used. This leads, finally, to the 
following form of Eq. (14. 7p : 

^g^(x,e(x)) = ^J{Mx)la{ax))Mx)) + [rR{x)la{a^)WR{x)) 



6-^ ^ '^^ " K, 



+ {i>'k{x)^M^))i>R{^)) -eix). (4.10) 



We interprete Eq. (14.101) by stating that those regions of space-time, where the 
de Sitter symmetry does not reduce to the Lorentz subsymmetry, there ex- 
ists a proportionality between the total Dirac-de Sitter covariant [NL] quark 
current, contracted with the field ^"(x), and the scalar Q^ derived from the 
torsion of the Cartan connection on the bundle Pw over W^. Thus in locally 
confined regions where quark currents do exist the geometry is characterized 
by de Sitter induced torsion. Stated differently this implies, that the regions 
in space-time where strong interaction takes place, are geometrically to be 
characterized by the presence of a nonvanishing Q^. 

After this discussion and in going over in Eq. (l4.ip to the nonlinearly 
transforming spinor fieldo, i^Lix, ^{x)), introduced in Eq. (l3.28p - with ^"(x) 
going over, as mentioned, into ^""{x) defined on E transforming as in Eq. (l3.4p 
and obeying ^"'{x)^a{x)= — Rq^, with x G V4, one can rewrite this equation, 
using Eqs. (l3.3ip and (I3.32p in the A-term, in the form 

^7'D,V-z.(x,e(x)) - A^^^^V'L(x,e(x)) 

+ X(i>ix)[rRix,a^))+ipu^,a^))] 
+2 A Ri (ij^ix, ax)) Ik ^l{x, a^))) 7' ^l{x, a^)) = o 

(4.11) 



255-1 (A(e(x)) rPLix) = i(l - *75) V'(:c,e(^)) ^ ^Lix,^^)) 
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together with two similar equations for ip^ and ipj^ following from fl4.2p and 
fl4.3p . respectively. Here j^ are the constant Dirac matrices of Eq.f l3.23]) . and 
75(^(0;))= — 7a^"(x)/i?o, with the "mass-like term" proportional to A being 
scaled by the fixed fiber radius Rq. 

We also note that the f/(l)y x SU{2)w x SU{3)c gauge covariance is 
not affected by the transition from Eq. fl4.ip to Eq. fl4.1ip . In order to study 
further the Eq.f l4.11]) and its two coupled companions following from (14. 2 p 
and (14. 3 p one has to go over to the electromagnetic gauge described in I in 
which 0(a;) takes the form = ( . j with constant cpo after -D(l) symmetry 

breaking (compare App. A and B of I ). We shall, however, not pursue this 
question further here and return to our main topic. 

Before we turn to the problem of Weyl symmetry breaking in detail we 
quote the field equation for the scalar isospinor field 0(a;) following from 

6<f)^ : g^''D^D,<p + ^i?, + 4/3(0^)0 - 27 V^^V-l 

+Iq''<P + l^{D^R){D,R)<p - 2A i^l^L+i^UL) = 0. 

(4.12) 

Here the first line of Eq. (l4.12l) is due to Ci (compare Eq.(2.35) of I ) and 
the second line is derived from Ch- The term hQ^(f) ^^nd the following one 
originate from an expression similar to the one given in Eq. (l4.8p prior to 
D{1) symmetry breaking. We observe that the Q^ term in the second line 
combines with the corresponding term in the first line to yield a contribution 
\Rf4' ill the 0-equation involving the total curvature scalar Rf=Rs+Q^. 
Outside the domains of strong interactions the Q^ term is zero as is the 
A-term involving the quark fields. Moreover, the {D^R){D^R) term in the 
second line of (14.121) disappears in the -D(l) symmetry breaking limit, so 
we reobtain the same framework for as discussed in I for regions where 

For the gauge covariant symmetric energy-momentum tensor of the 0- 
field one now obtains by varying the metric in Ci + Ch (correcting a sign 
error in Eq.(2.46) of I ) : 

©it^ = l[iD,<l>)HD,<t>) + iD,<l>)HD,<l))]-l{Di,D,)^'-9,.DPD,<^'} 
- ^^4i/\D,0)t(Z},0)-/3(0t0)2] 
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{{Dic){Dfe) - \ g,. {D^^n^Dfe)] ^ $' (4.13) 



The first three terms of fl4.13p originate from Cl, the last fine is due to Ch- 
This latter part vanishes again outside the regions of strong interactions and 
fl4.13p reduces to the expression given in I. The addition in (14.131) derived 
from Ch may be expressed in terms of Vf^^{x,^{x)) yielding the result : 



1 1 .„. 1 



V%T'^,,^^^- — {D,R){D,R)+-g,,{Q^+ — {D^R){D,R)) $1 (4.14) 



jy2,\ t^ "^ \ •" "^ ' 2^^'^v^ m 



Here again the terms formed with DpR disappear in the -D(l) symmetry 
breaking limit. 

We now come back to the details of the Weyl symmetry breaking leading 
from the established Weyl invariant and scaleless theory given by the total 
Lagrangean C=Ci+Ch defined over a Weyl space-time, W4, to a formulation 
of the standard model in a Riemannian space-time, V4, including gravitation 
in the form of Einstein's theory of general relativity, together with the intro- 
duction of a definite and universal unit of mass or length into the theory as 
the result of the -D(l) symmetry breaking. 

To this end we follow closely the procedure presented in I by adding a 
-D(l) symmetry breaking term Cb of Weyl weight 1 to the total Lagrangean 
£ being constructed with the help of the U{1)y x SU{2)w invariant squared 
modulus of the scalar isospinor field and the curvature scalar Rg of the 
ambient Weyl space : 

^B = -^i^v^{^i?.+ [^]'0V}. (4.15) 



is defined as a section on the bundle E' introduced in Eg. (12. 26 p with 
=$^ multiplied in (I4.15P by the squared inverse length, [mc/h]'^, which is 
the universal length scale to be introduced into the theory being associated 
with the mass m of the scalar field. 

The idea behind the form of Cb as given in (14.151) is that the masses in the 
theory arise from an interplay of a geometric quantity, the curvature scalar 
Rg of the ambient Weyl space, and a field quantity, $^, associated with the 
scalar isospinor field with m being the mass of this field in the broken case. 
In Ref. [2j this kind of mass generation from a geometric quantity — the 
curvature scalar of the underlying space-time geometry — and a particular 
field quantity — the norm squared of — with representing a characteristic 
object, having a mass and existing within this geometry, was referred to 
as a kind of 'Archimedes principle' . The surprising result in Refs. |2] and 
[T] was that this symmetry breaking following, as far as physics and the 
energy density is concerned, from adding the Lagrangean Cb to Ci, and 
as far as mathematics is concerned, from requiring the condition D^$^=0, 

31 



lead to the consequence that also other, previouly massless, field quantities 
- the weak bosons W^ and Z^ as well as the electron - became massive 
fields being measured in units of m (compare Eqs. (3.52) and (3.55) of I ). 
As shown there, these new mass terms appeared via the energy-momentum 
tensor QiiJ of the 0-field. Combining the leptonic and the hadronic sector 
we now base the breaking of the Weyl symmetry on the total Lagrangean 
Ci + Ch + C-B together with the condition 04.51) . the latter leading immediately 
to K^= — (91og$^ and the integrable Weyl case with ffj,u=0- 

The constant a appearing in Eq. (l4.15p was treated in I as a Lagrangean 
multiplyer and as a means to track the new terms in the equations derived 
after symmetry breaking. Ultimately, in the field equations and in the equa- 
tions derived from them and from the constraint following from Cb in varying 
a (see Eq.(3.11) of I ), a is set equal to 1. Similarly we can now proceed in 
the present context, however, we shall not work out the consequences in full 
detail here. 

Since the symmetry reduction investigated here is governed by a theorem 
of differential geometry which was referred to above o and described in detail 
at the end of Sect. 2 and in Sect. 3 of I , we here only repeat that the -D(l) 
symmetry is explicitly broken by the squared modulus of the scalar isospinor 
field (plx) in demanding the symmetry breaking relation (14.51) . The squared 
modulus, $^, is thus the actual vehicle for -D(l) symmetry breaking leading, 
as was show in Sect. 3 of I, in the broken case including Cb and in using 
also the field equations, to the complete reduction of the Weyl space W^ to 
a Riemann space V4 yielding finally 

K^ = and $^ = const = 0o^ (4.16) 

together with the established length h/mc as the universal scale of lengths 
in the theory. At the same time the mass terms of the weak bosons and of 
the electron (expressed in unit of m) appear on the scene. 

In this process of Weyl symmetry breaking the electroweak gauge group 
G=U{1)y X U{2)\Y is not broken but is nonlinearly realized on the stability 
subgroup SU{l)e.m. being the electromagnetic subgroup of G (see App. A and 
Bof I). 

This situation in the leptonic sector is completely analogous to the sym- 
metry reduction in the hadronic sector governed by Eqs. (l3.13p and (13.161) . 
i.e. by D^C,°'{x)=0, from which follows by contraction with ^a{x) immediately 



^^See footnote 21 above. 
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(compare also (I3.19P above) cll 

D;^{Cix)U^)) = -D^R{xf = (4.17) 

which is analogous to Eq. (l4.5p for $^(a;). Thus the section ^"'{x) on E is the 
symmetry reducing field governing the transition S0{4, 1) — > 5*0(3, 1) in 
the hadronic sector as studied in Sect. 3 above, with the full de Sitter symme- 
try being realized only in those regions of space-time where the local quark 
currents of the r.-h.s. of Eq. 04.61) or (I4.10p persist, but this S'0(4, 1) sym- 
metry is realized nonlinearly on the 5*0(3, 1) subgroup as expressed by the 
Dirac-type equations for the quark fields (see Eqs. (l4.1l) and (14.111) ). Asymp- 
totically, i.e. far away from the strong interaction sources given by the quark 
currents, the 5*0(4, 1) gauge symmetry is broken down to a linearly realized 
Lorentz subsymmetry describing pure gravitation as in general relativity. 

Having broken the Weyl symmetry by (14.50 together with (14.151) yielding 
(I4.16P the consequence of Eq. (14.161) is that the curvature radius of the fiber 
of the soldered bundle ii^ is a constant, i.e. R{x) = Ro, and E reduces to E 
with the Riemannian base V4 - as was already incorporated into Eq. (l4.1ip 
above. 

The final step which has to be carried out now is the proper disentan- 
glement of the neutral and charged components in the quark sector and the 
working out of the details of the electroweak interaction in a similar manner 
as it was done for the leptonic sector in I. This investigation is necessary 
in order to determine those hadronic source current components coupling to 
electromagnetism, being thus 'visible' from outside, and discriminate them 
from the neutral components. This analysis is more complicated due to the 
nonlinear current-current interaction present in the hadronic Lagrangean Ch- 
We have to come back to this problem in a separate investigation. 

5 Concluding Remarks 

In this paper we have extended the electroweak theory for leptons stud- 
ied in Refs. [1] and [2] to a complete formulation of the standard model basing 
it on a Weyl invariant Lagrangean defined over a Weyl space-time W4 con- 
taining only massless fields. At the same time we extended in the hadronic 
sector of the theory the Lorentz group, as gauge group of gravity in a vier- 
bein formulation, to the de Sitter group and a de Sitter gauge theory related 
to a geometric formulation for a theory of strong interactions based on the 



^''We have left out here the label R on the Weyl covariant derivative of R{x)^ since the 
de Sitter connection is no longer involved. 
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gauge group S'f/(l)yxS'f/(2)vi/xS'f/(3)c incorporating gravitation in a uni- 
fied space-time description by considering for strong interacting fields also 
an internal geometric arena — here a fiber of a bundle E over space-time 
— possessing a homogeneous space of the SO {4, 1) de Sitter group as fiber. 
The radius of curvature of the fiber was treated as a gauged Weyl degree of 
freedom. The section ^°(x) on the de Sitter fiber bundle E played the role of 
a Higgs-type field for strong interaction associated with the symmetry break- 
ing 5*0(4, 1) — )• 5*0(3, 1) guaranteeing - together with the -D(l) symmetry 
breaking in the leptonic sector - that far away from the material sources of 
the geometry only light and gravity is observable. 

One of the essential criteria besides spin and isospin in determining the 
contributions appearing in the hadronic Lagrangean is the Weyl weight of 
the fields in question. It was found that a four fermion current-current self- 
interaction for the 4-component quark spinor fields ij) was allowed by the 
Weyl weight of these fields, which gives to the discussion of the effective 
masses of quarks a new and different meaning. It was, furthermore, found 
that confinement of quark fields and quark currents is indeed observed in this 
de Sitter framework and is characterized by de Sitter induced torsion, i.e. by 
the torsion of the Cartan connection governing the geometry of the de Sitter 
gauge theory in those regions of space-time where strong interactions exist. 
These areas are geometrically characterized by the addition of a quantity Q^ 
to the curvature scalar which is expressible as an invariant constructed from 
the {i, 5) components of the de Sitter gauge curvature representing the so 
called torsion of the Cartan connection on the frame bundle Pw to which E 
is associated. 

Then, in a final step, the Weyl symmetry is broken explicitly by demand- 
ing that the scalar isospinor field (p possesses a norm which is Weyl covariant 
constant (see Eq. (l4.5p ). This changes the G=5[/(l)yx5f/(2)vi/ electroweak 
symmetry transformations, as described in detail in I, to the nonlinear realiza- 
tion of the transformations of G on the electromagnetic subgroup U{l)e.m. of 
G, without, however, reducing the O-gauge symmetry completely to the elec- 
tromagnetic sub-symmetry — a phenomenon called 'spontaneous symmetry 
breaking' in the conventional treatment. At the level of the Lagrangean the 
Weyl symmetry breaking is induced by adding the expression Cb of Eq. 04.15P 
to the total Lagrangean C Thereby the Weyl symmetry is broken with the 
W4 going over into a V4 of general relativity, and the Compton wave length 
of the field is established as a universal length scale in the theory. In this 
process the norm $ of the field is reduced to a constant (fQ. The constant 
ipQ enters the gravitational constant in Einstein's equations for the metric in 
a Brans-Dicke like manner as was shown and discussed in detail in I. This 



34 



is true unchanged in the present context except for additional contributions 
to the energy-momentum tensors for quark matter involving the spinor fields 
ipL, i^R and ipj^ in analogy to Eq. (2.47) of I, as well as the colour gauge 
curvature fields G^j, entering T^u defined in analogy to Eqs. (2.48)-(2.50) 
in I. 

As an additional consequence after -D(l) symmetry breaking with W4 — > 
V4 one should mention the freezing of the variable radius of curvature R{x) of 
the de Sitter fiber of -E to a constant Rq the value of which, however, cannot 
be determined from the Weyl symmetry breaking mechanism alone. 



A Appendix A 

In this appendix we assemble some formulae concerning the Clifford 
algebra of the 4x4 Dirac matrices used obove. Some of the equations of 
the text are repeated for easier reading. The notation is the same as in the 
main text, however, the -D(l) degree of freedom scaling the fiber radius is 
disregarded. G=SO{A, 1)=0(4, 1)++ and H=S0{3, 1)=0(3, 1)++, with ++ 
denoting the special orthochronous groups. 

{7a, 7b} = 2 r^ab ■ 1 ; r]ab=diag{l,-l,-l,-l,-l), a, 6=0, 1, 2, 3, 5, 

{7i, 7fc} = 2 r^jfc ■ 1 ; r]ik=diag{l, -1,-1,-1), i,k=0,l,2,3, 

^'^=(^^;A;=0,1,2,3,7'=7V7V); r=v''%, ^^=^'^1', (7')'= - 1- 

The Clifford algebra of the 4x4 matrices •y^ has 1 + 4 + 6 + 4 + 1 = 16 
elements conventionally denoted by 5', V, T, A,P : 

1, 7^ 7*7^;^<A;, ^7', 7' 
S V T A P 

The chirality operators are constructed with 1 and ^75 : P±=|(l ± ^75). 
The Lorentz generators, i.e. the 6 generators of Spin{3, 1) are : S'^^=^['y\ 7^^], 
the de Sitter generators, i.e. the 6+4 generators of Spin^A, 1) are: S'"^=|[7", 7*]- 
with the de Sitter spinor boost generators being 5**^=1 [7*, 7^]. 

With the help of the boost transformation with the 5x5 matrix 

xi , t{x)ij{x) e{x) \ 

[Aiiix))]\=\ ^- + ^(^)W-?-W) _g) (A.l) 

R{x) R{x) J 

sending ^"■{x) = {0, 0, 0, 0, —R{x)) into C,"'{x); a=0, 1, 2, 3, 5, i.e. transforming 

o o 

the point ^ (x) of the local fiber isomorphic to G/H - with C, {x) possessing 
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the subgroup H as isotropy group - into the point i{x)EFx — G /H, we now 
go over, with the help of the associated spinor boost 5'(y4(^(x))) given below, 
to a new representation of the 7"-niatrices and chiral projection operators 
associated with the point ^(x) on the fiber F^ of E [compare Eqs.f lS.Sl]) and 
(I33ZD]: 

7" -^ 7"(e»)=(7'(e»),7'(e»)), (A.2) 
P±=l(l±275) ^ P±(e»)=^(l±^75(e»))- (A.3) 

o 

The soldering properties of the bundle E at the contact point ^{x) remain 
unaffected. The same is true for the representation of the generators of the 

o 

group Spin{3, 1) associated with the point ^{x) as well as the generators of 
Spin{4:, 1) related to the transformations in the embedding space -Ri,4. 

While the original representation of the 7^-matrices defines the honio- 
morphism Spin{4:, 1) — > 30(4, 1) through the relation fl3.27[) . i.e. 

5(A,(.))7'^^-^(A,(.)) = [^;(y^7^ (A.4) 

the new representation defines the same homomorphism through the relation 
(see footnote 23) 

5(A,(.))7'^(f(x))5~^(A,(.)) = [A''{A{ax),i{x)))]\i\e{x)). (A.5) 

We called the 7"(^(a;)) the under 50(4, 1) non/mear/y transforming 7°-matrices 
(abbreviated by [NL] in Sects. 3 and 4). Eq. flA.Sp follows from Eq. flA.4p with 
the help of Eq.dilD, i.e. 

A,(.) A(e») = A{ax)) A{A{C{x),ax)). (A.6) 

We, finally, remark that the spin boost, S [A{^{x))) , is given by 

S(A{i{x))) = i . -^ \R{x) - e^(x) - 7V Ux)] , (A. 7) 

^ ^^ ''^ [2R{x){R{x)-e{x))]-^^ / / ^H ;j, I ; 

with the inverse, S~^ [A{C,{x))) , being obtained by replacing in flA.7p C,i{x) 
by —C,i{x). The Eq. flA.7p can also be written as 

^(^^^>^^) ^ [2.(.)(.;!;-e(.))]^ ^^--"-^fe|j 

^^"^^ T[l-l\i{x))j% (A.8) 



[2R{x){R{x)-^^{x))] 

o 

with -f^S{A{^{x)))-f^= - S-\A{^{x))) and S{A{^{x))) = l 
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B Appendix B 

The section ^"(x) on ii^ is a constrained field in the de Sitter gauge theory 
as formulated in the embedding space R^^i- The constraining relation (13.31) . 
i.e. ^"'{x)$,^ {x)riab + R'^ (x) = 0, can be considered in the variation of the fields 
^"(x) in Ch with the help of a Lagrangean multiplyer, a, multiplying a Weyl 
invariant addition C to Ch taking the constraint into account. We use for C 
the expression 

C = aK./^^^ (r(x) i\x) r^at + R'{x)) (B.l) 

which is Weyl invariant and has the same length dimension as Ch- Physically 
the addition of fIB.ip means adding a vanishing invariant quantity to the 
Lagrangean Ch. Varying the multiplyer a one reobtains the constraint, as 
usual; and in the end the constant a is set equal to 1. 

In order to derive field equations for the de Sitter fields ^"(x) we now 
consider the Lagrangean Ch+C with Ch given by Eq. fl3.50p and go over to 
the NL form for the de Sitter spinor fields if) in fl3.50p in using Eq. (13.311) and 
shifting the spin boosts S~^[A{$^(x))) and S[A(^{x))) originating from the 
7(^)-matrices to the right and left, respectively, yielding, for example, for 
tpiix) : 

S-\A{ax))^L{x) = ^-{1 - 11,) S-\A{ax))) iPix) (B.2) 

= 2''^-il5)'fPix,^{x))=i}Lix,^{x)), 

and similarly for iPl{x) and the other spinor fields ■0^(x), il)ji{x) and their 
adjoints. The resulting form of Eq. fl3.50p exhibits the ^(x)-dependences ex- 
plicitly: Only the A-term has a remaining dependence on C,"'{x) which was 
already taken into account in the discussion of Sect. 4. All the other terms 
constructed with the help of the nonlinearly transforming or "contact point" 
fields, iPl^r{x,^{x)), contain no dynamically relevant ^(x)-dependences de- 
spite the (somewhat misleading) notation which was introduced above (see 
Eq. (l3.13l) ) to denote the NL transformation behaviour under de Sitter gauge 
transformations. We thus come to the conclusion that the term denoted by 
S'Ch in Eq. (l4.4p is in fact zero. 
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